A small quantity of high-value, crude, mono-isotopic silane is a prospective gas for a small-scale, high-recovery, ultra-high membrane purification process. This is an unusual application of gas membrane separation for which we provide a comprehensive analysis of a simple purification model. The goal is to develop direct analytic expressions for estimating the feasibility and efficiency of the method, and guide process design; this is only possible for binary mixtures of silane in the dilute limit which is a somewhat realistic case. Among the common impurities in crude silane, methane poses a special membrane separation challenge since it is chemically similar to silane. Other potential problematic surprises are: ethylene, diborane and ethane (in this order). Nevertheless, we demonstrate, theoretically, that a carefully designed membrane system may be able to purify mono-isotopic, crude silane to electronics-grade level in a reasonable amount of time and expenses. We advocate a combination of membrane materials that preferentially reject heavy impurities based on mobility selectivity, and light impurities based on solubility selectivity. We provide estimates for the purification of significant contaminants of interest. To improve the separation selectivity, it is advantageous to use a permeate chamber under vacuum, however this also requires greater control of in-leakage of impurities in the system. In this study, we suggest cellulose acetate and polydimethylsiloxane as examples of membrane materials on the basis of limited permeability data found in the open literature. We provide estimates on the membrane area needed and priming volume of the cell enclosure for fabrication purposes when using the suggested membrane materials. These estimates are largely theoretical in view of the absence of reliable experimental data for the permeability of silane. Last but not least, future extension of this work to the non-dilute limit may apply to the recovery of silane from rejected streams of natural silicon semi-conductor processes.
Abstract
A small quantity of high-value, crude, mono-isotopic silane is a prospective gas for a small-scale, high-recovery, ultra-high membrane purification process. This is an unusual application of gas membrane separation for which we provide a comprehensive analysis of a simple purification model. The goal is to develop direct analytic expressions for estimating the feasibility and efficiency of the method, and guide process design; this is only possible for binary mixtures of silane in the dilute limit which is a somewhat realistic case. Among the common impurities in crude silane, methane poses a special membrane separation challenge since it is chemically similar to silane. Other potential problematic surprises are: ethylene, diborane and ethane (in this order) . Nevertheless, we demonstrate, theoretically, that a carefully designed membrane system may be able to purify mono-isotopic, crude silane to electronics-grade level in a reasonable amount of time and expenses. We advocate a combination of membrane materials that preferentially reject heavy impurities based on mobility selectivity, and light impurities based on solubility selectivity. We provide estimates for the purification of significant contaminants of interest. To improve the separation selectivity, it is advantageous to use a permeate chamber under vacuum, however this also requires greater control of in-leakage of impurities in the system. In this study, we suggest cellulose acetate and polydimethylsiloxane as examples of membrane materials on the basis of limited permeability data found in the open literature. We provide estimates on the membrane area needed and priming volume of the cell enclosure for fabrication purposes when using the suggested membrane materials. These estimates are largely theoretical in view of the absence of reliable experimental data for the permeability of silane. Last but not least, future extension of this work to the non-dilute limit may apply to the recovery of silane from rejected streams of natural silicon semi-conductor processes. M ono-isotopic silane is produced in small quantities, at very high cost, for future quantum electronics applications (Bulanov et al., 2002; Churbanov et al., 2010; Devyatykh et al., 2003; Itoh et al., 2003) . This opens a new door for a post-synthesis membrane purification approach as compared to large-scale, industrial cryogenic distillation of natural silane (Lorenz, 1983) . In particular, gas separation membranes (Hsieh and Keller II, 1992; Vorotyntsev et al., 2008 Vorotyntsev et al., , 2013 have been studied for related applications but no detailed analytic bounds have been provided to guide the practical implementation of real processes.
We demonstrate theoretically that typical tolerances on impurity content (table 1.1) in electronics-grade silane may be met via post-synthesis gas membrane purification within reasonable operation conditions. This study derives explicit mathematical expressions for estimating values of operation parameters involved in a compact membrane separation loop. Membrane separations are becoming competitive, in terms of robustness and cost, to traditional separation processes such as distillation and adsorption. In the recent past, various commercial options for membrane materials have become available, in particular for gas separation applications. Membrane separation can significantly reduce the purification effort of silane by allowing for easy of implementation and safety controls as compared to other competitive methods.
Organic, inorganic, and hybrid membranes are commercially available as of today; they can also be passive or reactive membranes. Despite recent advances, measurements of silane permeability in membrane materials, in the presence of contaminants, have not been made with sufficient rigor to be used in membrane module design. Predictive methods to estimate permeability of gases in various polymer membrane
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3 materials is a promising complementary alternative but still depend on a database of experimental data (Alentiev et al., 2013; Ryzhikh et al., 2015) , therefore at the moment there is scarce information on the permeability of silanes and other similar compounds of interest such as germanes.
Recent pertinent work (Vorotyntsev et al., 2013) suggests that the permeability of silane (table 3.1), with typical impurities, in commercial polydimethylsiloxane (PDMS) allows for separation of impurities of interest. Alternatively, limited data for silane separation from hydrogen (Hsieh and Keller II, 1992) indicates that the potential difficulty of separating hydrogen from silane on a solubility-selective PDMS material can be overcome with a sieve-selective, rigid cellulose acetate (CA) material. We are left with making conjectures about the potential problem of separating methane from silane. The single data set at hand (Vorotyntsev et al., 2013) indicates a problematic situation since solubility appears to be similar for both compounds and therefore potential poor separation ability. We were unable to find data on size-based separation membranes. The molecular diameters of methane and silane do differ, hence we expect to see differences in polymer diffusion characteristics but at this point it is uncertain whether size alone could be enough to allow for a sufficiently large separation factor. Nevertheless, we present estimates based on the results of (Hsieh and Keller II, 1992) that seem promising for resolving the methane separation problem and making the purification of silane practical.
Our present work uses current data found in the open literature to analyze conditions for successful gas membrane separations. The data at hand (table 3.1) indicate that the slower permeants, CH 4 , H 2 , Ar, O 2 , and He, and the faster permeants, C 2 H 6 , B 2 H 6 , and C 2 H 4 , present a potential difficulty for separation with PDMS. This study attempts to clarify the conditions under which separation is challenging and propose alternate conditions for effective separation. The impurities in the silane gas can be slower or faster permeates than silane, therefore it is productive to design a system that takes into consideration where the permeate and retentate streams go. We designed two flow schemes, as in Vorotyntsev et al. (2008) , and will refer to them as the slow-permeant impurity depletion loop (permeate recirculation) and the fastpermeant impurity depletion loop (retentate recirculation) (figs. 2.3 and 2.4). Each loop consists of a feed tank and an impurity storage tank. The basic idea is to build a multi-stage membrane separation process by recirculating (Majumdar et al., 1987) either the permeate or the retentate stream ( fig. 2.3 and fig. 2 .4 respectively) into the feed tank. The recirculation is typically quite high to enable high purification; in other words, the stage cut, θ, is near unit (uncommon on large-scale industrial applications but applicable for our case). A pre-specified amount to be withdrawn from the feed tank, λ, at a particular rate, largely determines the time taken for the purification operation. 
Membrane gas separation theory
Crude silane gas is a mixture of many species, denoted a " 1, . . . , A, with a relatively high content of the primary product, SiH 4 , say, 95 % by mass. In dense rubbery or rigid membranes, sorption-diffusion is the dominant process by which a gas species traverses the membrane. A simple continuum level of theory for the trans-membrane molar flux (mol m´2 s´1), N a , of the a-th gas species, at a point x at time t, on a membrane surface ( fig. 2.1) is built around the concept of a permeability constant, P a , the thickness of the membrane, h, and the partial pressures on each side of the membrane
where x a px, tq denotes the ath species molar fraction field on the feed side, y a px, tq denotes the ath species molar fraction field on the permeate side, and the p p¨q px, tq is the gas pressure field. The superscripts (P) and (F) stand for the permeate side of the membrane and feed side, respectively. The permeability constant is not really a constant and depends significantly on temperature. For complex cases, it may also depend on the species concentration in the polymer when plasticization occurs during gas diffusion. The permeability constant is a combination of sorption and diffusion. Hence the underlying multi-species equilibrium and transport phenomena can be intricate and depart significantly from (2.1). Nevertheless, from (2.1), the separation principle hinges on the flux ratio of a rapidly permeating species as compared to a slower permeant
where p R px, tq :" p pP q {p pF q is the pressure ratio. Equation (2.2) demonstrates that at a vacuum condition in the permeate side (p R « 0), the flux ratio does not depend on pressure and it depends linearly on the mole fraction ratio x a {x b on the feed side of the membrane.
Binary gas mixture in the dilute limit
Further progress in obtaining closed formulae can only be made for a binary system, A " 2, where one of the species is dilute. This situation fits well the silane purification process with one impurity species, and the predominant SiH 4 species if the other impurity components do not cross couple in the diffusion process.
In the absence of boundary layer effects, surface resistances, and a sweep gas in the permeate side, (2.1) defines the concentration of the gas in the permeate side given known conditions in the feed side and the permeate pressure, thus
Therefore, denoting the local, effective, separation factor of a binary gas mixture 4) and using the binary ideal separation factor, αå ,b :"
, in the molar flux ratios (2.2) and (2.3) , one arrives at the local quadratic equation for α a,b px, tq
where x a`xb " 1. We consider αå ,b to be the ratio of permeability coefficients measured on a dilute binary system. That is, the effect of plasticization, if any, is incorporated into the separation factor. The use of pure-component permeability data, as opposed to the binary counterpart, could result in erroneous separation factors because an impurity could permeate the membrane faster in a binary mixture than it would as a sole permeant. This error can be particularly disruptive when separating fast permeants from slow permeants in the a gas mixture. The underlying assumption in our analysis is that a dilute binary mixture will behave similarly to a dilute multicomponent mixture.
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Two limiting cases are of interest. First, the case of a dilute, slow-permeant impurity, namely, x b ! 1 (or x SiH 4 « 1), and αS iH 4 ,b ą 1, then using a " SiH 4 in (2.5), it reduces to α SiH 4 ,b px, tq " αS iH 4 ,b´p R`αS iH 4 ,b´1˘, (2.6) which unlike (2.5) is explicit for α SiH 4 ,b . Hence in a dilute binary gas mixture with a slow permeant impurity, the local separation factor (a transport property of the membrane for the mixture) of the predominant species relative to the impurity species is a linearly decaying function of the pressure ratio across the membrane. The maximum local separation factor is obtained at p R " 0, that is, when the permeate side of the membrane is kept at a total vacuum, for any non-zero feed pressure. The second case of interest, is when the impurity in the dilute binary mixture is a fast permeant, that is, x a ! 1 (or x SiH 4 « 1), and αå ,SiH 4 ą 1, then using b " SiH 4 in (2.5), gives
which unlike (2.6) is inversely proportional to the pressure ratio. Therefore it decays faster than the linear case (2.6) with increasing pressure ratio. While in both cases the maximum effective, local separation factor is the ideal separation factor when p R " 0, the second case has a much more pronounced adverse effect of a non-zero pressure ratio. This lack of symmetry on the separation factor has been identified before (Vorotyntsev et al., 2008) as related to the fact that a faster permeant impurity accumulates more readily on the permeate side and the pressure p (P) affects the partial pressure driving force of the impurity more intensely.
For future use, it is instructive to derive a relationship for the local molar fraction of the permeant species. In the case of a slow permeant impurity, using (2.6), (2.4), a " SiH 4 , and x SiH 4 « 1, to arrive at
(2.8)
Similarly, the corresponding formula for a fast permeant impurity is obtained using b " SiH 4 in (2.5), and (2.4) with the assumption x SiH 4 « 1, thus
A simple analysis of the transport of a binary gas mixture through a membrane follows from assuming a crossflow condition in the feed chamber of the membrane cell ( fig. 2.2 where npx, tq is the total molar flowrate (mol s´1) at point x on the membrane. Substitution of (2.4) in the above equation produces
Assuming the effective separation factor of silane, α SiH 4 ,b px, tq, to be a spatial constant, α SiH 4 ,b ptq, over the whole membrane cell (a condition that can be somewhat satisfied for small trans-membrane pressures), (2.10) can be integrated from an arbitrary position along the membrane to the retentate outflow side of the cell (retentate port, fig. 2 .1). That is, with some abuse of notation on the limits of integration, this integral where for simplicity of notation we set 12) keeping in mind that this quantity is time-dependent through the pressure ratio in (2.6). The superscript (R) indicates a quantity evaluated at the retentate outflow port position of the membrane cell, for instance, 13) for the impurity species, which in the dilute limit (x b ! 1) reduces to
14)
The trans-membrane differential transport of the impurity is denoted by either,
for a slow permeant impurity, or
for a fast permeant impurity. In the dilute limit, use of (2.8) in (2.15) or (2.9) in (2.16) leads to the same result 17) where the average pressure drop is defined as ∆p`x, tq " p (F)´p(P) . Hence, dn is primarily dominated by the permeability of the high-concentration species, which may be either the fast permeant component or the slow one. The molar flow rate differential, dn, can be obtained from (2.14) as 18) where x b ! 1. When the above is substituted into (2.17) it allows for the integration from the retentate port molar fraction to the feed port molar fraction (so the integral is a positive number) over the membrane surface area as follows
dA.
An expression for the molar flow rate on the retentate port is then obtained 19) where P SiH 4 :"
h is the permeance of SiH 4 in the membrane, and A is the area of the membrane. The ratio of molar fractions within square brackets can be expressed in terms of the stage cut, 20) as follows. Compute the molar fraction of SiH 4 in the permeate port
Using (2.18) and the dilute limit approximation x
« 1, and y SiH 4 « 1 in (2.21) leads to the integral
de Almeida, and Hart the quantity on the left side is the retentate cut n (P) {n (R) . Here we define the stage impurity separation factor as
this will prove to be a key parameter in the following analysis. Hence, β ą 1 for a slow permeant impurity, and β ă 1 for a fast permeant impurity (β ą 0 always), and from (2.22)
This is an important relationship since it relates molar flowrate ratio to mass fraction ratio. Say we want a stage impurity separation factor of β " 50 (slow permeant), then the stage cut needed is θ " 1´50´α α´1 . If the average effective separation factor is relatively low, say α " 1.5, then θ " 1´1 50 3 , that is, very high stage cuts are needed θ « 1. As we will see later, the higher the stage cut, the longer is the separation time. Substitution of (2.22) and (2.24) into (2.19) produces the desired result
That is, in a dilute binary mixture, the retentate molar flowrate is directly proportional to the trans-membrane pressure difference and the area of the membrane. It is inversely proportional to a term that depends on the stage impurity separation factor, β, and the average, effective separation factor of the mixture, α, relative to the major species; the latter is a function of the trans-membrane pressure ratio. Therefore both pressure difference and pressure ratio affect the retentate molar flowrate. Alternatively, the expression can be written in terms of the stage cut, 27) where the permeability of the impurity is still involved in the formula but not apparent. An appealing aspect of (2.27) is that if the stage cut is fairly constant, and the membrane area and thickness known, the constant of proportionality between the measured rententate molar flowrate, n (R) , and the trans-membrane pressure drop delivers a measure of the permeability of silane, P SiH 4 " P SiH 4ˆh , without measuring the permeate molar flowrate, and only measuring the feed molar flowrate as we see next in (2.28). This is a useful observation that simplifies experimental work since the permeate is a silane-rich, pyrophoric stream.
The feed and permeate molar flowrates can be determined from the retentate (2.26), assuming no accumulation of mass in the membrane module (n (F) " n (P)ǹ (R) ), thus
, and, (2.28)
Another ratio of practical interest is the one involving the impurity mass fraction in the permeate, namely
which can be shown to be a function of β on the basis of the same mass balance argument used in (2.28) and (2.29), that is
Since 0 ď δ ď 1, say for a slow permeant impurity, then β ě 1, which shows that the impurity mass fraction in the retentate is higher than the feed. Another route to demonstrate the correctness of (2.31) is computing directly the mass fraction of the impurity in the permeate, that is
using (2.8) and (2.18); demonstrated in the Supporting Information section. The foregoing demonstrates that the stage impurity separation factor, β, determines many of the features of the separation process, and the purpose of the following sections is to relate this parameter with other operation quantities for particular flow loops. In addition, it is demonstrated that the permeability constant is not directly used in any of the results, instead, only the binary ratio of permeability coefficients and the permeance of the main species SiH 4 are the necessary permeability-related data required.
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Slow-permeant impurity depletion (permeate recirculation)
Slower permeates than silane in PDMS (top of table 3.1) follow the retentate stream. Likewise, heavy impurities in CA (not shown in table 3.2). An enhanced separation of slower permeates can be obtained by recycling the permeate into a feed tank which is rich in silane ( fig. 2. 3). The intent in building this loop is to keep the high-value material in the original tank and transfer to a storage tank a small enough amount of gas with higher content of impurity than the purified mixture left in the tank. Under certain operating conditions, it may be possible to reduce the concentration of impurities in the feed tank to the needed specifications (table 1.1). This will depend on: 32) and obviously, it can be quite high for large stage cut values, θ « 1. The decreasing concentration of the impurity in the tank can be obtained by a simple mass balance assuming that the volume of the membrane module is much smaller than the feed tank. The process purification factor of interest is defined as that is, the ratio of the initial molar fraction of the impurity in the tank (superscript T) to the final molar fraction at the end of the operation at time t f . The balance of total number of moles in the system, ignoring the membrane cell volume and tubing, is
where M (T) is the total number of moles in the tank. Using the above, the impurity mole balance is
which simplifies to
Assuming the feed composition is the same as the tank composition, x
b . Note the permeate composition is different than the tank composition since the tank has the majority of the impurity, and every effort needs to be made to avoid backmixing 14 de Almeida, and Hart across the compressor. Using (2.23) in the previous equation, we can integrate 36) where the ratio
of the total number of moles at the initial time in the tank to the final total number of moles in the tank is controlled by how much material withdrawal can be tolerated in the process. Say this withdrawal is denoted by λ where 0 ă λ ă 1, then M (T) pt 0 q{M (T) pt f q " 1{p1´λq and (2.36) gives 37) relating the stage impurity separation factor to the process purification factor (again, note β ą 1 for a fast-permeant impurity). The latter is specified by the purification goal (impurity tolerance in the final product) and the initial impurity concentration which should be small in view of the dilute assumption in this analysis. Note that once the purification process is executed, the impurity molar fraction in the storage tank is of critical importance for recycling in future runs. It can be calculated from the mass quantities in the tank and mass withdrawn from the tank, namely 38) and
respectively. Here M SiH 4 and M b are the molar masses of the species involved, and the initial total number of moles in the tank is approximately M (T) pt 0 q "
. From (2.38) and (2.39) any species mass in the storage tank is given by 40) and the corresponding number of moles follows from
41)
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15 which provides the mole fraction of the impurity in the storage tank at the end of the process time t f
If the final concentration of the impurity in the storage tank, (2.42), is still considered dilute, and sufficient accumulation of material has taken place from multiple runs, it is often possible to re-use the retentate as feed material and improve the material recovery of the process.
Knowledge of β, through (2.37), and the specification of other necessary quantities, allows for computing the retentate molar flowrate using (2.26). It remains to compute the process time, t f´t0 , needed for a particular purification operation. To that end, we first assume that ∆p and p R are constants, that is, the compressor is able to keep the required pressure drop and pressure ratio fairly constant throughout the operation. Therefore the total time t f of the operation needed to achieve the separation desired can be computed as follows. If the constant tank volume is V at initial temperature T pt 0 q, then from (2.34), (2.27), and the ideal gas equation of state assumption for the feed tank,
one obtains, after time integration, the estimated operation final time starting from t 0 " 0 43) assuming that the volume of the membrane cell and tubing is negligible compared to the tank volume. Note that in the case of constant pressure operation, the molar flow rate n (R) is a constant, also in the previous formula
. In a real application of this process, the retentate molar flow rate is typically small, which makes operation times long. To mitigate this problem, a lower pressure p (F) could be used but the gains are small since the ∆p is also reduced unless a near vacuum condition is created in the permeate side of the membrane. Another way to look at this is that pressure is not the primary means to speed up the separation process. In fact by reasons of safety concerns in handling silane, the lower the pressure is (near atmospheric), the better, as long as the time for carry out the separation is attractive. This will be discussed in the Results section.
A potentially unwanted effect of constant pressure operation is the need to increase the temperature in the tank and membrane cell to keep pressure constant while decreasing the gas mass. The relative absolute temperature variation in the tank can 16 de Almeida, and Hart be shown to be ∆T
where ∆T :" T pt f q´T pt 0 q. This is a relatively fast increasing temperature variation with increasing λ. If say λ « 0.1 the increase in temperature is about 33˝C above ambient temperature. In cases where a large transfer of material is desired (see multi-cycles in section 3), the increase in temperature is substantial and it limits the maximum material transfer in view of the maximum operating temperature of the membrane material. An isothermal operation can be employed as an alternative to constant pressure; here pressure will decay with time requiring attention to maintaining a sufficient driving force for separation. Using (2.34), (2.27), and the ideal gas equation of state for the feed tank in the form
the time integration gives
that is, an exponential decay of the trans-membrane pressure drop with time. This result assumes that the permeate pressure, p (P) , is fairly constant; in practice we would like to have it as low as possible to vacuum. Using the exponential pressure variation with time in (2.34) and (2.27), the operation final time can be computed as 46) where t 0 " 0. The above assumes that the compressor is able to keep the low pressure relatively constant while the pressure in the tank is reduced to keep the temperature constant. This arrangement may call for a vacuum pump in tandem with a compressor to take advantage of imposing a low pressure in the permeate cell chamber in systems with low effective separation factors (see cases in section 3). The operation time at constant temperature is greater than its counterpart at constant pressure since using (2.43) and (2.46), the ratio
s always greater than one. Typical values for p R and λ (e.g. p R " 0.01 and λ " 0.05), suggest a small increase in processing time (about 2 %). Large values of transfer for λ suggest an increase in processing time by as much as a factor of three. Therefore according to (2.46), when a constant temperature is used, it is advantageous to use the highest possible temperature the system can withstand in order to reduce the operation time. The factors affecting the operation time can be quickly grasped from (2.46). Large membrane area, large permeance of silane, small stage cut, small feed tank volume, and small material transfer help reduce the operation time. These are however conflicting requirements. As it has seen before, the stage cut is largely dictated by the membrane permeability, the initial level of impurity, and the final purification level desired. The typical stage cut is often large which increases the operation time.
A final comment on the operation of the slow-permeant impurity loop is that it can be also used with a fast-permeant impurity by allowing a large transfer, say λ « 0.95, to the impurity tank, thereby leaving the majority of the impurity in the feed tank at the final time, and transferring the product to the impurity tank. The chief disadvantage of this operation is that for cases of small effective separation factor of silane relative to the impurity, the entire gas transfer from the feed tank to the impurity tank can take a very long time to achieve the purification needed, and at this point it is more efficient to consider a more elaborated loop aimed at the fastpermeant impurity depletion; as described next. Another practical impediment for this approach is the prohibitively high temperature or low pressure in the feed tank resulting from the large mass withdrawal.
Fast-permeant impurity depletion (retentate recirculation)
Faster permeants than silane in PDMS (bottom of table 3.1) follow the permeate stream, therefore virtually no separation will take place in a loop as analyzed earlier (section 2.2). A fast-permeant impurity depletion loop ( fig. 2.4) recirculates the retentate (larger loop), and a portion of the permeate (smaller loop). The idea here is similar to the slow-permeant impurity loop, where a relatively small quantity of permeate is withdrawn after a high recirculation rate of the retentate. This avoids a large amount of material transfer from the feed tank to the impurity storage tank if we were to use the previously discussed loop (sec. 2.2). As done earlier, assuming no mass accumulation in the membrane cell and on the compressor, the mass balances n (F) " n (R)`n(P) , and
Defining the process cut
where Θ ą 0 and the upper bound is to be found later, we can define recirculation factors as follows. The larger loop recirculation factor can be defined as
then using (2.28), (2.29), and (2.48) we get
Similarly for the smaller loop, the recirculation factor is defined as
As it was done before in (2.34), the balance of total number of moles in the system ( fig. 2.4 
The corresponding impurity mole balance is
which simplifies to dM
52) when using (2.23) and assuming
a . A comment on (2.23) for the present case of a fast-permeant impurity is in order. Note that in this case, 0 ă β ă 1, and ideally β " 0 produces the maximum separation; to be seen later, this maximum does not set the optimum value for the separation cut Θ that renders the separation the shortest processing time. we obtain
(2.53)
The molar flux of the impurity into the permeate side of the membrane can be computed directly from
using (2.9), (2.7), and (2.18) one obtains
where we defined 
which is the counterpart of (2.35), with solution
which provides a central result for the stage impurity separation factor using
ln`p1´λq Γ Θl n`p1´λq Γ´1˘, (2.57) specific for the fast-permeant impurity depletion loop; this is the counterpart of (2.37). Note that by taking the reciprocal of (2.57) and setting Θ " 0 one obtains (2.37). Since a fast-permeant impurity calls for 0 ă β ă 1, the process cut is bounded by
Typically, Γ and λ are given input data, thus (2.58) delivers a bound on Θ, which determines β through (2.57). The maximum value
makes β " 0 which is an optimum separation but does not minimize the the processing time (as we will cover in the following paragraph). As was previously evinced (sec. 2.2), all other quantities of interest follow from β, including the operation times.
In the same way we used (2.34) to arrive to (2.43) and (2.46), we use (2.51), (2.48) 4 21 and (2.27) to calculate the processing time at constant tank pressure (variable, timedependent temperature) and it is not available in direct analytical form, therefore we compute the value numerically (using a non-linear solver) and present results later in tabular form. The initial value for the numerical solution is critical for the convergence of the non-linear solver, we compute a range of t f T values from (2.61) in the interval (2.58) and use the approximate minimum as an initial guess. Likewise (2.38) and (2.39), the mass in the impurity storage tank is determined by
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As explained earlier, this mass can be accumulated between new runs and given enough material, it can be recycled as feed. The impurity mole fraction in the recycled material is given by (2.42).
Finally for completeness and clarity we list the modified version of some formulae for the present loop case used in (2.60) and (2.61). From (2.25) and (2.55) 
where here β is as in (2.57). The optimum equation in (2.62) is obtained using (2.63) and (2.57) in the differentiation of the factor θ 1´θ 1 Θ with respect to Θ. Finally, the present depletion loop can be also used with a slow-permeant impurity by performing large transfers, say λ « 0.95. The drawabacks of this approach are similar to what was mentioned alread for the slow-permeant impurity depletion loop, namely, large transfer times, high temperature or low trans-membrane pressure drop. The use of a slow-permeant impurity depletion loop for a slow-permeant impurity is the recommended approach.
Results
In this section we present calculations using the analytic expressions derived previously (sec. 2). We make plausible assumptions for a silane crude composition based on our laboratory experience and estimate parameters needed to execute a purification process aimed at delivering an electronics-grade (or better) silane product (table 1.1).
As mentioned before, there is a need for reliable permeability data for silane and its impurities. We use scarce data found in the open publication domain for the purpose of this study. Permeability data for a PDMS membrane material (table 3.1) was used for some of the results presented. This material was tested in liquid dichlorosilane for one year and proved to be fairly stable according to Vorotyntsev et al. (2013) . This is an assuring fact but for our application we could accommodate a less stable membrane material by simply exchanging membranes periodically; as often as in each purification run. We also make predictions for a cellulose acetate (CA) membrane material based on limited permeability data (Hsieh and Keller II, 1992) for separation of hydrogen and silane (table 3.2). Comparison with additional data involving hydrogen for this material (Pauly, 1999) led us to speculate about the utility of this material to remove other impurities difficult to process with PDMS. Therefore, we propose a dual approach to remove impurities by combining a solubility selectivity method (PDMS) with a mobility selectivity (CA) separation. Both materials have been investigated regarding stability in the presence of silane and considered satisfactory (Hsieh and Keller II, 1992; Vorotyntsev et al., 2013) .
Before continuing we provide some comments on the data used. The data for PDMS (table 3.1) is assumed to be at room temperature since this is not explicitly reported by Vorotyntsev et al. (2013) . We show on the rightmost column the error of the selectivity factor relative to methane compared to corresponding selectivity Table 3 .1: Pure-component, a, permeability constant, P a , (assumed at ambient temperature) of silane and impurities in a PDMS membrane (Vorotyntsev et al., 2008) ; units of mol m m´2 Pa´1 s´1ˆ10
13 . Slower permeants listed on the top table; faster permeants, on the bottom table. The permeability ratio αå ,b :"
is called the ideal selectivity factor or ideal separation factor. p¨,¨q is the separation factor error relative to data presented by Pauly (1999 factor from Pauly (1999); we are not aware of any additional data available for a comparison against the silane separation factor. The values from Vorotyntsev et al. (2013) are lower for all slow-permeant impurities which may indicate that the permeability of methane relative to silane may be also lower than what could be obtained with other PDMS samples. This observation is qualified by the fact that not all PDMS materials are the same and variations of the siloxane chain crosslinking can account for the difference in permeability. Note that the separation factor of methane relative to silane is small and as we will see later it is problematic; in fact the separation of oxygen, argon and hydrogen is also a concern.
The CA data (table 3. 2) is limited but insightful. First, the separation factor of hydrogen relative to silane is high, and, unlike in the PDMS material, hydrogen is a fast permeant in CA. In addition, complementary data from Pauly (1999) show that other gases of interest are fast-permeant impurities relative to methane. A comparison of the results in (Hsieh and Keller II, 1992) for the separation of helium from nitrogen shows very good agreement with similar results from Pauly (1999) , that is, α He,N 2 " 42.7 compared to αH e,N 2 " 48.6; the difference could be attributed to the comparison of a (lower) effective separation factor to the ideal counterpart value for two different data sets. This leads us to assume that the data between these different sources are consistent and that taking the ratio of the values α H 2 ,SiH 4 " 117 4 25 and αC H 4 ,SiH 4 " 17.1 allows us to estimate the separation factor α CH 4 ,SiH 4 « 6.8 for methane from silane. Proceeding similarly, we can fill-in estimates for all other values in the α a,SiH 4 column (table 3.2). That is, we can use the approximation α a,SiH 4 « α CH 4 ,SiH 4ˆαå ,CH 4 for any species a.
Purification of SiH
Comparison of the permeability data for CA and PDMS supports the known fact that the transport mechanism on the former is diffusion based and on the latter, solubility based. Therefore these materials are complementary and probably indispensable for a full purification of silane from its common impurities. We expect the impurities with larger molecules (table 1.1) to be preferentially absorbed in PDMS, as the data seems to indicate, and rejected by CA. For instance, the Lennard-Jones force potential intermolecular parameter, σ, for the fast-permeant molecules in CA (table 3. 3) are correlated with the separation factor (table 3.2). In all cases we chose parameters to carry out a separation operation that meets or exceeds all requirements for an electronics-grade silane product. The goal of the calculations is then to compute the time needed to carry out a successful separation, given a particular choice of system parameters and an initial crude silane composition.
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Slow-permeant impurity depletion
A numerical example helps illuminate the formulae (section 2.2) usage as applied to a PDMS membrane. Suppose a 6-L feed tank ( fig. 2.3 ) is kept at 5 bar pressure and initial temperature of 25˝C with a molar fraction x (T) N 2 pt 0 q " 5.76ˆ10´4 which is equivalent to 576 ppmpvq. From (2.38), the mass of the gas mixture (SiH 4 , N 2 ) is m (T) pt 0 q " 39.9 g. If the final molar fraction desired in the tank is x (T) N 2 pt f q " 5.0ˆ10´7 (0.5 ppmpvq per table 1.1) then from (2.33), the desired purification factor is Γ " 5.60ˆ10´4 5.0ˆ10´7 " 1152.
Suppose a 5 %, by mole, withdrawal of material can be tolerated, λ " 0.05, then from (2.37) the stage impurity separation factor is β " 138.4. If the permeate chamber of the membrane cell is kept at 0.1 bar then the pressure ratio is p R " 0.1{5, and from (2.6) the effective separation factor is α SiH 4 ,N 2 " 3.4´0.1{5ˆp3.4´1q " 3.35, in view of the ideal selectivity factor αS iH 4 ,N 2 " 3.4 (table 3.1). If the membrane area is A " 2.1 m 2 , and the membrane thickness is h " 55 µm, and the permeability constant P SiH 4 " 1.5ˆ10´1
3 mol m m´2 Pa´1 s´1 (table 3.1), then from (2.26) the retentate molar flow rate is n (R) " 2.49ˆ10´6 mol s´1 driven by the trans-membrane pressure drop ∆p " 4.9 bar. The time for performing the separation, (2.43), is then 6.74 h. From (2.44) the final temperature of the gas product in the feed tank is 40.7˝C. From (2.25) the stage cut is θ " 0.999 and with this in hands, (2.32) produces the recirculation factor γ " 1126. That is to say, the rate of recirculating flow ( fig. 2.3 ) is γ times greater than the rate of withdrawal of gas into the storage tank. Finally, per (2.39) and (2.42), a 1.98 g of withdrawn gas is stored in the impurity storage tank with molar fraction x (S) N 2 pt f q " 11 510 ppmpvq; a substantial increase when compared to the original crude silane impurity of 576 ppmpvq. Note however that this is still relatively dilute, since 99.5 % of the mass in the storage tank is made up of high-value, mono-isotopic silane.
The foregoing demonstrates that the desired purification of SiH 4 from N 2 seems very doable within the assumptions of the model and system parameters chosen. Since the stored retentate material is still dilute at 11 510 ppmpvq, after the accumulation of a sufficient number of new runs (i.e. exactly 20 runs), the accumulated gas mixture on the storage tank could be recycled as a new feed material and further reprocessed (this could be done at a slightly higher pressure and ambient temperature to compensate for the higher level of impurity). This multi-cycle approach could significantly increase the amount of recovered material (in this example it is already high at 95 %) if the process is extended to many cycles. In addition, re-cycling can solve difficulties with impurity species that have low effective separation factors, such as O 2 , Ar, and H 2 ; Purification of SiH 4 27 more on this later.
Single-cycle results
Similar calculations (with the aforementioned parameters and membrane size), are provided (table 3.4) for slow-permeate impurity species commonly found in the silane production process, namely, CH 4 , H 2 , Ar, O 2 , He, CO, and N 2 . The first notable fact (table 3.4) is that the separation of O 2 , Ar, H 2 , and CH 4 takes an unrealistically long time to reduce the level of impurity from crude silane to electronics-grade as theses species tend to follow silane into the permeate stream. The separation of CO and He from silane seems very doable, as N 2 is.
The separation feasibility as indicated by t f (table 3.4) is not sensitive to the pressure applied. For instance, use of p (F) " 10 bar has only a relative minor reduction of t f . We performed a simple numerical sensitivity test by varying non-geometric parameters and we have identified αS iH 4 ,b as a critical quantity affecting the feasibility of the separation process. For the impurities of interest, an increase in αS iH 4 ,b of 10 % leads to over 70 % reduction of the processing time. The origin of such an effect comes from the term β α α´1 in (2.26), used in (2.43), which becomes large as α is close to 1 and significantly smaller as α is greater than 2. Therefore the measurement of the ideal separation factor, with its uncertainty, is critical for designing a successful membrane system. The model indicates that separation factors greater than or equal to 2 allow for a successful separation for the purification application we are interested (when β « 100). On the contrary, α leading to scalings greater than β 2 is not tolerable. Corresponding results (table 3.4) obtained with an operation under constant temperature lead to very similar final operation times and will not be shown. The molar flowrates computed (table 3.4) are more often needed in units of standard cubic centimeter per minute (SCCM). The conversion factor is 1 SCCM " 4.45ˆ10´5 mol min´1, therefore the results show that measurement of the molar flowrate in the impurity storage tank is in the order of 3 SCCM; this helps select a compatible mass flow controller. It is instructive to mention that the molar flowrates for the feed and permeate streams are much higher, i.e., by a factor of 1 1´θ and θ 1´θ as given by (2.28) and (2.29), respectively; in the range of 4 SLM (standard liter per minute). This indicates that mass flow meters with very different scale ranges will be needed for the operation of the flow loop.
Multi-cycle results
One approach to circumvent the difficulty of separating O 2 , Ar, and H 2 , mentioned in the previous section, while still using the same membrane material (PDMS), is to employ a multi-cycle approach and change some of the control parameters such as, de Almeida, and Hart Table 3 .4: Single-cycle performance quantities for slow-permeant impurity depletion loop using a PDMS membrane assuming a constant pressure ratio p R " 0.02, pressure drop ∆p " 4.9 bar, and 5 %, by mole, gas mixture withdrawal, λ " 0.05 (95 % material recovery). The initial temperature of the mixture is 25˝C and final temperature, 40.7˝C. x 
.9 39.9 39.9 39.9 39.9 39.8 39.9 m (S) pt f q [g] 1.98 2.00 2.00 2.00 2.00 1.93 1.99 
1126 1388 1318 10 6 10 6 10 6 10 11 n (R) r ; s 1.5 1.2 1.3 0.01 0.003 0.002 « 0 n (R) r § s 3.4 2.7 2.9 0.02 0.007 0.004
6.7 8.3 7.9 732˚3111˚5024˚10 8F ailed to meet purification level within practical time. increasing the membrane area (table 3.5), which calls for an increase in the volume of the feed tank so the priming volume of the membrane is a fraction of the total volume of the tank, and an increase of operating temperature. The idea of the multi-cycle is to break-up the purification of the full feed material into cycles where each cycle purifies a portion of the feed and recycles the retentate material at the end of a run (indicated in fig. 2.3 ).
As can be seen in this modified system (three cycles, table 3.5), the separation of the O 2 , Ar, and H 2 species is doable but the re-cycling option has diminishing returns with the addition of each cycle. In the example shown (table 3.5), the total operation time for purifying the crude silane with respect to the aforementioned species is 42.7 h with a total material recovery of 71 %. The remaining material is 97.9 % SiH 4 by mass and it is still dilute enough to be combined with the retentate of previous (or future) runs, and used as feed material. As this combination repeats itself, with the advent of multiple new runs, a higher material recovery process will be achieved.
Another option for separating H 2 (and possibly O 2 and Ar), for which H 2 permeability data is available, is to use cellulose acetate (Hsieh and Keller II, 1992) ; this will be demonstrated with the fast-permeant impurity depletion loop (sec. 3.2).
The separation of CH 4 from SiH 4 is largely unrealistic with PDMS, given the data at hand. However, as it has been remarked, relatively small changes in the selectivity factor can change this result to a more attractive option. Hence, it remains to be seen whether effective separation can be achieved when rigorous permeability data is at hand. Meanwhile, the use of a cellular acetate membrane is a promising alternative (sec. 3.2).
Additional comments are in order. Pumps and compressors rated for high-purity processing can be substantially more expensive and difficult to find than their off-shelf counterparts. The membrane cell with a 6.3 m 2 area is likely to be unavailable off-shelf for immediate use with silane. The custom construction of such cell needs to avoid sealing elements that either react or contaminate the product, and more importantly the cell design must minimize the priming volume. We have assumed a small amount of silane, 40 g, per run, contained in a relatively small feed tank (10 L). This gives an idea of what the priming volume of the membrane cell should be (« 500 mL) since it has to be substantially smaller than the feeding tank and tubing. Fabrication issues may arise in building a membrane with the needed surface area and low priming volume. We also have noted the range of flowrates are substantially different when comparing the retentate flow with other flows in and out of the membrane cell. The retentate flow must be carefully maintained by a mass flow controller, while the other flows can be just passively observed and recorded. The flowrate ranges are shown (table 3.5) for the retentate and feed streams.
de Almeida, and Hart 
Fast-permeant impurity depletion
Here we use the formulae presented earlier (sec. 2.3). We begin with analyzing the performance of the CA membrane with light impurities since those are problematic with PDMS. Assuming the same system parameters as in section 3.1 we present results corresponding to table 3.4 in table 3.6. The operation time for accomplishing Table 3 .6: Single-cycle performance quantities for fast-permeant impurity depletion loop using a CA membrane assuming a constant pressure ratio p R " 0.02, pressure drop ∆p " 4.9 bar, and 5 %, by mole, gas mixture withdrawal, λ " 0. the intended separation of the light impurities is now much more practical, in particular for the problematic impurities when using PDMS (table 3.4), namely, O 2 , H 2 , de Almeida, and Hart and CH 4 . In view of the size of the argon atom (table 3. 3) we expect its separation performance to be in between N 2 and O 2 , therefore all problematic light gases in the PDMS separation using the slow-permeant impurity depletion loop are better handled by the present loop using the CA membrane material. Note, however, that N 2 is a much better performer in the solubility-selective PDMS membrane material (table 3.4), therefore it is not a concern when using the CA membrane material. A constant (ambient) temperature operation similar to the constant pressure operation just used (table 3.6) produces similar results and these will not be shown. A multicycle approach (similar to sec. 3.1.2) can be built to further reduce the operating time of separating CH 4 by at least half the time, or more, and still produce a high material recovery; another approach is to use a multi-stage method combining different membrane materials (sec. 3.3). Before moving on to calculations for the separation of the heavy gases in PDMS, we note that in the calculation results presented in table 3.6 the separation factor values used for CA (table 3. 2) were considered as ideal values. Therefore this is a conservative approach for using the estimated values since the corresponding effective separation factors are smaller as computed from (2.7). The optimal molar flowrate into the storage impurity tank, n (S) , varies between 0.15 SCCM and 4.2 SCCM (table 3.6) and the corresponding optimal feed flowrate, n (F) " 1 1´θ
is substantially higher varying from 109 SCCM to 568 SCCM respectively.
The fast-permeant impurities in PDMS are the larger molecules with higher solubility, they are collected at the bottom part of table 3.1. Using the same system parameters as before (sec. 2.3) we show results for a fast-permeant impurity depletion loop using PDMS as a membrane material (tables 3.7 and 3.8). It is observed that with the exception of ethane, diborane, and ethylene, all other fast-permeant impurities are quickly separated from silane with processing time, t f , in the order of 1 h. While a multi-cycle approach could be employed to further increase the efficiency of the separation, it is probably more practical to separate these larger molecules, namely, C 2 H 6 , B 2 H 6 , and C 2 H 4 via a mobility-selectivity strategy with CA as a membrane material using a slow-permeant impurity depletion cycle (sec. 3.1). In the absence of separation factor data for these species relative to silane in CA membranes, we can only speculate that since these larger molecules will be significantly slower than silane to diffuse through CA, the previously analyzed depletion loop (sec. 3.1) will likely succeed in achieving the separation. Similar to previous examples, the flowrate into the impurity storage tank (tables 3.7 and 3.8) can be as low as 3 SCCM while the retentate flowrate can be as high as 10 SLM. Hence here too, a wide range of flowrates are present and consideration needs to be given to select appropriate flowmeter devices.
It was observed before (sec. 3.1.1) that the performance of the slow-permeant impurity depletion loop depends significantly on the term β α α´1 (β ą 1), and that for α ą 2 the separation results are expected to be reasonable up until β « 100. In contrast, the fast-permeant impurity depletion loop performance depends on the Table 3 .7: Single-cycle performance quantities for fast-permeant impurity depletion loop using a PDMS membrane assuming a constant pressure ratio p R " 0.02, pressure drop ∆p " 4.9 bar, and 5 %, by mole, gas mixture withdrawal, λ " 0.05 (95 % material recovery). The initial temperature of the mixture is 25˝C and final temperature, 40.7˝C. x Θ which is a more complicated relationship for β and α 1 since Θ is a function of β. However, it seems for the typical values of β´1 « 1000, in our application, values of α 1 ě 3 are necessary (table 3.6 and table 3.7) . These observations are no substitute for a rigorous quantitative analysis based on the formulae developed here.
Multi-stage system
Here we look at a multi-component system with different membrane materials and combined loops for slow-permeant impurity depletion and fast-permeant impurity depletion. We show a conceptual example with four stages, all at a constant transmembrane pressure difference of 4.9 bar with variable temperature ( fig. 3.1) . As mentioned before (secs. 2.2 and 2.3) the disadvantage of a constant trans-membrane pressure is the increase in temperature which can reach the maximum working temperature of the membrane material.
The present results demonstrate the additional losses and time delays in this particular end-to-end purification process. We continue to use the same silane crude content as in the past examples and the same system parameters. For the constant pressure case, starting with Stage 1 (fig. 3.1 ) and 39.9 g of feed gas, the slow-permeant depletion loop using PDMS reduces the impurity levels of N 2 , CO, and He below the electronics-grade standard (compare the Stage 1 product column on the left of fig. 3 .1 to values in table 1.1). After leaving 1.9 g of SiH 4 in the impurity storage tank, the remaining product mass is moved to the feed tank of the Stage 2 loop. This fast-permeant depletion loop reduces all but the C 2 H 6 , B 2 H 6 , and C 2 H 4 impurities, indicated on the left of the diagram ( fig. 3 .1, Stage 2), to levels below electronics-grade standard. Here again an additional 1.9 g of SiH 4 is left in the impurity tank and the remaining product mass is transferred to Stage 3. Note that all of the slow-permeant impurities from Stage 1 that were not depleted to desirable levels, namely, Ar, O 2 , H 2 , and CH 4 , make to the feed tank of Stage 3; their concentrations are approximately those on the left side of the diagram ( fig. 3.1 ). Again as a reminder, the reason for the approximate qualification just mentioned is that the real gas mixture is analyzed as a mixture of individual binary mixtures. That is, in effect, say CH 4 and H 2 do not interfere with each other in the separation process and the concentration of these impurities, and all others, do not take into account that they are in reality all in one gas mixture. The upshot of this comment is that the levels of the calculated product impurities will be slightly higher than a real case; hence an error on the safe side. This error is expected to be small because the gas mixture is dilute.
Moving on to Stage 3, here the sieve-selective permeation is carried out with the CA membrane material. No permeability data is available for the slow-permeant im- purities listed in the diagram ( fig. 3.1, Stage 3) , therefore in the calculations presented we assume high values of separation factors for C 2 H 6 , B 2 H 6 , and C 2 H 4 impurities, and predict the time necessary for either meeting or exceeding electronics-grade levels ( fig. 3.1, Stage 3) . The temperature in this stage reaches 74.6˝C which is still acceptable for the working temperature of the CA material. In Stage 4, the final temperature reaches 93˝C which is just slightly lower than the maximum operating temperature of AC. After 127 h of gas separation in Stage 4, we demonstrate that the final product either meets or exceeds the electronics-grade impurity level ( fig. 3 .1, Stage 4, left column) wherein the reduction of the concentration of CH 4 to the needed level is the leading cause for the operation time.
Finishing comments
It is difficult to anticipate whether the present analysis is conservative or overoptimistic. It can be argued that there are certainly more effective ways of improving a membrane cell efficiency, hence our crossflow analysis is conservative in this respect. But on the other hand, there are other elements that can adversely affect the performance of the model described in this work that have not been taken in to consideration such as flow resistance in the membrane support layer. Also, uncertainty in the permeability values could alter the results obtained in either direction. We hope the analysis provided here helps the future design, construction, and testing of a membrane systems, where accurate data can be collected.
Conclusions
Our analysis suggests that the purification of small quantities of crude, mono-isotopic silane to electronics-grade quality is achievable via gas membrane separation based on existing permeability data published in the open literature in conjunction with mild assumptions about the data and conditions of the crude silane. In view of the difficulty of separating some of the impurity gases, notably, CH 4 , H 2 , Ar, O 2 , C 2 H 6 , B 2 H 6 , and C 2 H 4 , we propose the combination of membrane materials that are either sieve-selective or solubility-selective. Two such materials have been preliminary tested by other researchers, namely, cellulose acetate and polydimethylsiloxane. Although permeability data for these materials relative to silane is incomplete, our analysis indicates that the likelihood for a successful purification process based on these materials is high.
Based on the particular depletion loops we have examined, a number of combinations can be assembled between two different materials and two different flow loops. The number of combinations increase if multi-cycles are employed. The analytical de Almeida, and Hart formulae derived in this work provides the theoretical elements for studying various combinations. In particular, the equations clearly demonstrate the trade-off between different choices of parameters enabling the design path for an optimum performance. For instance, an isothermal process leads to exponential reduction of trans-membrane pressure driving force, while a constant pressure drop leads to increasing temperatures.
Emphasis should be placed in obtaining accurate permeability data for a range of conditions of temperatures and pressure. As it has been remarked, the sensitivity of the separation efficiency with respect to separation factor data is critical. Therefore an effort to measure the uncertainty of experimentally obtained permeability coefficients is a significant advantage for design purposes.
